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Abstract. A Riemannian orbifold is a mildly singular generalization of a
Riemannian manifold which is locally modeled on the quotient of a connected,
open manifold under a finite group of isometries. If all of the isometries used
to define the local structures of an entire orbifold are orientation preserving,
we call the orbifold locally orientable. We use heat invariants to show that a
Riemannian orbifold which is locally orientable cannot be Laplace isospectral
to a Riemannian orbifold which is not locally orientable. As a corollary we
observe that a Riemannian orbifold that is not locally orientable cannot be
Laplace isospectral to a Riemannian manifold.
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1. Introduction
A Riemannian orbifold is a mildly singular generalization of a Riemannian mani-
fold first introduced by I. Satake [10] in 1956 and later popularized by W. Thurston
[12]. The study of the spectral geometry of orbifolds was initiated by Y-J. Chi-
ang [2] who established the existence of the Laplace spectrum and heat kernel of
a compact Riemannian orbifold. Results from the spectral geometry of manifolds
have been extended to orbifolds, such as C. Farsi’s [7] proof of the Weyl law for
orbifolds showing that the spectrum determines the dimension and volume of an
orbifold. E. Dryden, C. Gordon, S. Greenwald, and D. Webb [5, 6] established the
asymptotic expansion of the heat trace for orbifolds, noting that the singular struc-
ture of an orbifold contributes additional terms to those familiar from the manifold
setting. The spectrum does not determine an orbifold’s singular structure however,
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for example J.P. Rossetti, D. Schueth, M. Weilandt [9] have shown that isospectral
orbifolds can have maximal isotropy of different orders, and N. Shams, D. Webb and
second author [11] showed that isospectral orbifolds can have topologically distinct
singular sets.
The local structure of an n-dimensional orbifold is that of the quotient of an
open set in Rn by a finite group of diffeomorphisms. More precisely, an orbifold
coordinate chart over a neighborhood U in an orbifold is a triple (U˜ , GU , piU ) for
which U˜ is a connected open subset of Rn, GU is a finite group of diffeomorphisms
acting on U˜ , and U˜/GU is homeomorphic to U . If the local group GU of an
orifold coordinate chart acts only by orientation-preserving transformations, we
say that this chart is orientable. An orbifold is called locally orientable if all of
its coordinate charts are orientable. Note that being locally orientable does not
imply that an orbifold is orientable in the standard sense. For example a Klein
bottle is an orbifold with trivial, hence orientable, orbifold charts but is globally
non-orientable. In this note we use heat trace methods to show that one can hear
the local orientability of an orbifold. That is, an orbifold that possesses at least one
coordinate chart that is not orientable cannot be isospectral to an orbifold with all
orientable coordinate charts.
It is not known whether or not a Riemannian orbifold with nonempty singular
set can be isospectral to a manifold. Our result implies that an orientation reversing
element in a coordinate chart is an obstruction to isospectrality to a manifold. This
observation is equivalent to that made by E. Dryden, C. Gordon, S. Greenwald,
and D. Webb in [5, Theorem 5.1]. The question of detecting the orientability, in
the standard sense, of a manifold or orbifold from its Laplace spectrum is still
unresolved in the closed setting. However P. Be´rard and D. Webb [1] constructed a
pair of isospectral flat surfaces with boundary of which one is orientable while the
other is not.
Henceforth we assume all orbifolds are closed, compact and connected, unless
otherwise stated.
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2. Riemannian orbifolds and their Laplace spectra
In this section we follow [8] by C. Gordon, and [5] by E. Dryden, C. Gordon,
S. Greenwald, and D. Webb as we recall the definition and basic properties of a
Riemannian orbifold, and the asymptotic expansion of the heat trace of an orbifold,
respectively.
Definition 2.1. Let O be a second countable Hausdorff space, and let U be a
connected open subset of O.
a. An n-dimensional orbifold coordinate chart over U is a triple (U˜ , GU , piU )
for which: U˜ is a connected open subset of Rn, GU is a finite group acting
effectively on U˜ by diffeomorphisms, and the mapping piU from U˜ onto U
induces a homeomorphism from the orbit space U˜/GU onto U .
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b. An orbifold atlas is a collection of compatible orbifold charts (U˜ , GU , piU )
such that the images piU (U˜) cover O. An orbifold is a second countable
Hausdorff space together with an orbifold atlas.
c. Suppose p ∈ U ⊂ O and (U˜ , GU , piU ) is an orbifold chart over U . The
isotropy type of p is the isomorphism class of the isotropy group of a lift p˜ ∈
pi−1U (p) of p under the action of GU . The isotropy type of p is independent
of the choice of lift p˜ as well as the choice of orbifold chart. Note that the
isotropy type of p can be canonically identified with a conjugacy class of
subgroups of O(n). See [8, Section 1.2] for more about this.
d. Points in O with nontrivial isotropy are called singular points. Points that
are not singular are called regular points.
e. A Riemannian structure on an orbifold is defined by giving the local cover
U˜ of each orbifold chart (U˜ , GU , piU ) a GU -invariant Riemannian metric so
that the maps involved in the compatibility condition are isometries. An
orbifold with a Riemannian structure will be called a Riemannian orbifold.
An orbifold O possesses a stratification given by its singular structure. In par-
ticular, define an equivalence relation on O by p is isotropy equivalent to q if and
only if both points have the same isotropy type. The connected components of
isotropy equivalent sets of points, called O-strata, form the leaves of the stratifi-
cation. From [8, Theorem 1.24] and [5, Proposition 2.13] we have the following
properties of this stratification. Note that a smooth stratification of an orbifold or
manifold is a locally finite partition of that orbifold or manifold into locally closed
submanifolds.
Theorem 2.2. Let O be an orbifold (not necessarily compact nor connected) and
(U˜ , GU , piU ) an orbifold coordinate chart in O, then
a. The O-strata form a smooth stratification of O.
b. The closure of an O-stratum N is made up of the union of N with a col-
lection of lower-dimensional strata.
c. If O is compact, the stratification of O is finite.
d. If O is connected, then the set of all regular points of O form a single
stratum which is open in O and has full dimension.
e. The action of GU on U˜ gives smooth stratifications of both U˜ and U . Strata
in U˜ are connected components of isotropy equivalent sets of points. Strata
in U are connected components of the intersection of the O-strata with U .
f. Any two points in the same stratum of U˜ (as defined in (e)) have the same
isotropy subgroups in GU .
g. For H a subgroup of GU , each connected component W of the fixed point
set of H in U˜ is a closed submanifold of U˜ . If a stratum arising from the
GU -action on U˜ intersects W nontrivially, that stratum must lie entirely
within W . Thus the stratification of U˜ restricts to a stratification of W .
Remark 2.3. In Theorem 2.2(e) above, the strata in U˜ are called U˜-strata and the
strata in U are called U -strata.
The tools of spectral geometry transfer to the setting of Riemannian orbifolds
using the local structure of these spaces. For example, given f ∈ C∞(O), p ∈ O, and
(U˜ , GU , piU ) a coordinate chart about p, we compute ∆f(p) by taking the Laplacian
of pi∗U (f) at p˜ ∈ pi
−1
U (p). As in the manifold setting, the eigenvalue spectrum of the
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Laplace operator of a Riemannian orbifold is a sequence
0 = λ0 ≤ λ1 ≤ λ2 ≤ . . . ↑ +∞
where each eigenvalue has finite multiplicity. We say that two orbifolds are isospec-
tral if their Laplace spectra agree.
3. Heat trace asymptotics for Riemannian orbifolds
As in the manifold setting, an important tool in studying the spectral properties
of a Riemannian orbifold O is the heat kernel of O given by
K(t, x, y) =
∞∑
j=0
e−λjtϕj(x)ϕj(y)
where K : (0,∞) × O × O → R, and {ϕj}
∞
j=1 forms an orthornormal basis of
eigenfunctions of L2(O). The heat trace of O is the following function, obtained
by integrating K(t, x, x) over O,
Z(t) =
∞∑
j=0
e−λjt.
The asymptotic behavior of Z(t) as t→ 0+ yields invariants called the heat invari-
ants, obtained by H. Donnelly [3] for good orbifolds and later by E. Dryden, C.
Gordon, S. Greenwald, and D. Webb [5] for general orbifolds. Essential to this note
is the observation that isospectral orbifolds have identical heat invariants.
To state the asymptotics of the heat trace of a Riemannian orbifold precisely we
will need the following terms from [5].
Definition 3.1. Let O be an orbifold
a. For ak the usual heat invariants from the manifold setting, let
I0 = (4pit)
− dim(O)/2
∞∑
k=0
akt
k.
b. Let (U˜ , GU , piU ) be an orbifold coordinate chart in O and N˜ a U˜ -stratum
in U˜ . By Theorem 2.2, all points in N˜ have the same isotropy group. This
group will be denoted Iso(N˜). Define Isomax(N˜) as the set of all γ ∈ Iso(N˜)
for which N˜ is open in Fix(γ), where Fix(γ) denotes the set of points in U˜
fixed by γ. When Isomax(N˜) is non-empty, N˜ is called a primary singular
stratrum of U˜ .
c. Let N be an O-stratum and x ∈ N . Take (U˜ , GU , piU ) be an orbifold
coordinate chart about x, x˜ ∈ pi−1U (x), and let N˜ be the U˜ -stratum through
x˜. Define
bk(N, x) =
∑
γ∈Isomax(N˜)
bk(γ, x˜).
The function bk(γ, x˜) is defined in [5, Section 4.2].
d. For an O-stratum N ,
IN = (4pit)
− dim(N)/2
∞∑
k=0
tk
∫
N
bk(N, x)d volN (x).
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With this notation in place, we recall the asymptotic behavior of the heat trace
of a Riemannian orbifold as t→ 0+.
Theorem 3.2. [5, Theorem 4.8] Let O be a Riemannian orbifold and let 0 =
λ0 ≤ λ1 ≤ λ2 ≤ . . . be the spectrum of the associated Laplacian acting on smooth
functions on O. The heat trace
∑∞
j=1 e
−λjt of O is asymptotic as t→ 0+ to
I0 +
∑
N∈S(O)
IN
| Iso(N)|
(1)
where S(O) is the set of all singular O-strata and where | Iso(N)| is the order of
the isotropy at each p ∈ N . Notice this asymptotic expansion is of the form
(4pit)− dimO/2
∞∑
j=0
cjt
j
2
for some constants cj.
4. Main result
We begin by defining a locally orientable orbifold, as discussed in the introduc-
tion. Then, following a series of lemmas, we use orbifold heat invariants to show
that an orbifold that is locally orientable cannot be isospectral to one that is not.
Definition 4.1. Let O be an orbifold.
a. An orbifold coordinate chart (U˜ , GU , piU ) in O is said to be orientable if
the group GU consists of orientation-preserving transformations of U˜ .
b. If all coordinate charts of O are orientable then we say that O is locally
orientable.
Lemma 4.2. Let O be a Riemannian orbifold. Let N be an O-stratum and x ∈
N . For a coordinate chart (U˜ , GU , piU ) about x let N˜ be the U˜ -stratum of a point
x˜ ∈ ϕ−1U (x). If Iso
max(N˜) is non-empty then b0(N, x) > 0.
Proof. From [5, p.16] we have
b0(N, x) =
∑
γ∈Isomax(N˜)
| det(Bγ(x˜))|
where Bγ(x˜) is a non-singular matrix. Because Iso
max(N˜) is non-empty, we see
that b0(N, x) is the sum of a list of positive numbers. 
Lemma 4.3. Let O be a Riemannian orbifold. Suppose (U˜ , GU , piU ) is a coordinate
chart in the orbifold O and let N˜ be a U˜ -stratum. Let γ ∈ Iso(N˜). Then γ ∈
Isomax(N˜) if and only if dim(Fix(γ)) = dim(N˜).
Proof. If γ ∈ Isomax(N˜) then N˜ is open in the submanifold Fix(γ), implying
dim(N˜) = dim(Fix(γ)). For the reverse direction recall that Theorem 2.2(g) states
that each connected component of Fix(γ) (more precisely the fixed point set of the
cyclic group generated by γ, which equals Fix(γ)) is stratified by a set of U˜ -strata,
one of which is N˜ . By [5, Remark 2.9(i)] maximum dimensional strata are open.
We see N˜ is open in Fix(γ), thus γ ∈ Isomax(N˜). 
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The paper by H. Donnelly [4] was helpful in the development of the following
lemma.
Lemma 4.4. Let O be a Riemannian orbifold and (U˜ , GU , piU ) a coordinate chart
in O. Suppose γ ∈ GU and dim(Fix(γ)) < dim(O). Then, dim(Fix(γ)) is of
opposite parity to dim(O) if and only if γ is orientation reversing.
Proof. For simplicity write dim(O) = n and dim(Fix(γ)) = d. Let W be a con-
nected component of Fix(γ). Because U˜ is connected it suffices to show that at
some point p ∈W the differential of γ, denoted γ∗p, is orientation reversing exactly
when n and d have opposite parity. For any p ∈ W we have that γ∗p acts trivially
on TpW and that
(TpW )
⊥ = (TpW )
⊥(−1)⊕ (TpW )
⊥(θ1)⊕ · · · ⊕ (TpW )
⊥(θℓ)
where each θi ∈ (0, pi), γ∗p acts on (TpW )
⊥(−1) by multiplication by −1, and
each (TpW )
⊥(θi) has even dimension and is acted upon by γ∗p by a direct sum
of rotations by the angle θi. Now n and d have opposite parity exactly when
dim((TpW )
⊥) = n − d is odd. This can only occur if (TpW )
⊥(−1) is odd dimen-
sional, in particular when γ is orientation reversing. 
Definition 4.5. Let O be a Riemannian orbifold. If the dimension of an O-stratum
N has opposite parity to the dimension of O, we call N an opposite parity stratum
of O. For convenience the phrase “opposite parity stratum” will be abbreviated to
“OP-stratum.”
Lemma 4.6. Let O be a Riemannian orbifold. Then O is locally orientable if and
only if O has no primary OP-strata.
Proof. Suppose O is not locally orientable. Then there is a coordinate chart
(U˜ , GU , piU ) in O with an orientation reversing element γ ∈ GU . Lemma 4.4 implies
Fix(γ) has dimension of opposite parity to the dimension of O. Suppose W is a
connected component of Fix(γ). Theorem 2.2(g) implies W is stratified by a finite
set of U˜ -strata N1, N2, . . . , Nr. So for at least one i0 ∈ {1, 2, . . . , r}, the stratum
Ni0 must have the same dimension as Fix(γ). Lemma 4.3 implies γ ∈ Iso
max(Ni0).
Thus Ni0 is the required primary OP stratum.
Suppose O has a primary OP stratum N and take γ ∈ Isomax(N). Lemma 4.3
implies dim(Fix(γ)) = dim(N). Thus Fix(γ) has dimension of opposite parity to
the dimension of O. By Lemma 4.4 we conclude γ is orientation reversing. 
Theorem 4.7. A locally orientable orbifold cannot be isospectral to an orbifold that
is not locally orientable.
Proof. Consider a locally orientable orbifold Oori and a non-locally orientable orb-
ifold Onon. If these orbifolds have different dimensions then the Weyl law for
orbifolds [7] implies they cannot be isosopectral. So we can assume dim(Oori) =
dim(Onon) := n. In the case that n is odd, Lemma 4.6 implies Oori will have no
even dimensional primary strata while Onon will have at least one even dimensional
primary stratum.
We argue that in this situation all integer power terms in the heat expansion of
Oori vanish. To see this first observe that because n is odd I0, the first term of the
heat expansion as stated in Theorem 3.2, consists of only half integer terms so any
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integer power terms would have to arise in the second term of this expansion. We
use Definition 3.1 to give the following detailed expression of the second term,∑
N∈S(O)
(4pit)− dim(N)/2
| Iso(N)|
∞∑
k=0
tk
∫
N
∑
γ∈Isomax(N˜)
bk(γ, x)dvolN .
Notice that no integer terms can arise in this second term as Oori lacks even di-
mensional primary strata.
We now show that at least one integer power coefficient in the expansion of
Onon is nonzero. Let d denote the maximum dimension of all the strata in the set
of even dimensional primary strata in Onon. Note that only these strata of maximal
dimension will contribute to the −d/2 term in the heat expansion, which occurs in
the k = 0 iteration in the sum. Furthermore, by Lemma 4.2 the b0 term for each
contributing strata is strictly positive. Thus the integer −d/2 term is the sum of
strictly positive terms and so must be nonzero.
Since Oorb and Onon differ in at least one term in the heat expansion they cannot
be isosopectral. When n is even the proof proceeds similarly, reversing the roles of
integer and half-integer terms.

We end with a corollary that is equivalent to [5, Theorem 5.1].
Corollary 4.8. Let O be an orbifold. If any local chart (U˜ , GU , piU ) on O possesses
an orientation reversing local group element γ ∈ GU , then O cannot be isospectral
to a manifold.
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